We introduce an hp-version symmetric interior penalty discontinuous Galerkin finite element method (DGFEM) for the numerical approximation of the biharmonic equation on general computational meshes consisting of polygonal/polyhedral (polytopic) elements. In particular, the stability and hp-version a-priori error bound are derived based on the specific choice of the interior penalty parameters which allows for edges/faces degeneration. Furthermore, by deriving a new inverse inequality for a special class of polynomial functions (harmonic polynomials), the proposed DGFEM is proven to be stable to incorporate very general polygonal/polyhedral elements with an arbitrary number of faces for polynomial basis with degree p = 2, 3. The key feature of the proposed method is that it employs elemental polynomial bases of total degree P p , defined in the physical coordinate system, without requiring the mapping from a given reference or canonical frame. A series of numerical experiments are presented to demonstrate the performance of the proposed DGFEM on general polygonal/polyhedral meshes.
Introduction
Fourth-order boundary-value problems have been widely used in mathematical models from different disciplines, see [23] . The classical conforming finite element methods (FEMs) for the numerical solution of the biharmonic equation require that the approximate solution lie in a finite-dimensional subspace of the Sobolev space H 2 (Ω). In particular, this necessitates the use of C 1 finite elements, such as Argyris elements. In general, the implementation of C 1 elements is far from trivial. To relax the C 1 continuity requirements across the element interfaces, nonconforming FEMs have been commonly used by engineers and also analysed by mathematicians; we refer to the monograph [16] for the details of above mentioned FEMs. For a more recent approach, we mention the C 0 interior penalty methods, see [21, 10] for details. Another approach to avoid using C 1 elements is to use the mixed finite element methods, we refer to the monograph [8] and the reference therein.
In the last two decades, discontinuous Galerkin FEMs (DGFEMs) have been considerably developed as flexible and efficient discretizations for a large class of problems ranging from computational fluid dynamics to computational mechanics and electromagnetic theory. In the pioneer work [6] , DGFEMs were first introduced as a special class of nonconforming FEMs to solve the biharmonic equation. For the overview of the historical development of DGFEMs, we refer to the important paper [5] and monographs [17, 18] and all the reference therein. DGFEMs are attractive as they employ the discontinuous finite element spaces, giving great flexibility in the design of meshes and polynomial bases, providing general framework for hp-adaptivity. For the biharmonic problem, hp-version interior penalty (IP) DGFEMs were introduced in [30, 31, 34] . The stability of different IP-DGFEMs and a priori error analysis in various norms have been studied in those work. Additionally, the exponential convergence for the p-version IP-DGFEMs were proven in [24] . The a posterior error analysis of the symmetric IP-DGFEM has been done in [25] . In [22, 28] , the domain decomposition preconditioners have been designed for IP-DGFEMs.
More recently, DGFEMs on meshes consisting of general polygons in two dimensions or general polyhedra in three dimensions, henceforth termed collectively as polytopic, have been proposed [2, 15, 13, 12, 7, 1] . The key interest of employing polytopic meshes is predominant by the potential reduction in the total numerical degrees of freedom required for the numerical solution of PDE problems, which is particularly important in designing the adaptive computations for PDE problems on domains with micro-structures. Hence, polytopic meshes can naturally be combined with DGFEMs due to their element-wise discontinuous approximation. In our works [15, 13] , an hp-version symmetric IP-DGFEM was introduced for the linear elliptic problem and the general advection-diffusion-reaction problem on meshes consisting of d-dimensional polytopic elements were analysed. The key aspect of the method is that the DGFEM is stable on general polytopic elements in the presence of degenerating (d − k)-dimensional element facets, k = 1, . . . , d − 1, where d denotes the spatial dimension. The main mesh assumption for the polytopic elements is that all the elements have a uniformly bounded number of (d − 1)-dimensional faces, without imposing any assumptions on the measure of faces. (Assumption 4.1 in this work) In our work [12] , we proved that the IP-DGFEM is stable for second order elliptic problem on polytopic elements with arbitrary number of (d − 1)-dimensional faces, without imposing any assumptions on the measure of faces. The mesh assumption for the polytopic elements is that all the elements should satisfy a shape-regular condition, without imposing any assumptions on the measure of faces or number of faces (Assumption 5.1 in this work). For details of DGFEMs on polytopic elements, we refer to the monograph [14] .
To support such general element shapes, without destroying the local approximation properties of the DGFEM developed in [15, 13, 12] , polynomial spaces defined in the physical frame, rather than mapped polynomials from a reference element, are typically employed. It has been demonstrated numerically that the DGFEM employing P p -type basis achieves a faster rate of convergence, with respect to the number of degrees of freedom present in the underlying finite element space, as the polynomial degree p increases, for a given fixed mesh, than the respective DGFEM employing a (mapped) Q p basis on tensor-product elements; we refer [19] for more numerical examples. The proof of the above numerical observations is given in [20] .
In this work, we will extend the results in [15, 13, 12] to cover hp-version IP-DGFEMs for biharmonic PDE problems. We will prove the stability and derive the a priori error bound for the hp-version IP-DGFEM on general polytopic elements with possibly degenerating (d − k)-dimensional facets, under two different mesh assumptions. (Assumption 4.1 and 5.1). The key technical difficulty is that the H 1 -seminorm to L 2 -norm inverse inequality for general polynomial functions defined on polytopic elements with arbitrary number of faces is empty in the literature. To address this issue, we prove a new inverse inequality for harmonic polynomial functions on polytopic elements satisfying Assumption 5.1. With the help of the new inverse inequality, we prove the stability and derive the a priori error bound for the proposed DGFEM employing P p basis, p = 2, 3, under the Assumption 5.1. Here, we mention that there already exist different polygonal discretization methods for biharmonic problems [11, 37, 4, 32] . To the best of the author's understanding, the proposed DGFEM for biharmonic problem is the first polygonal discretization scheme whose stability and approximation are independent of the relative size of elemental faces compared to the element diameter, and even independent of the number of elemental faces, for P p basis with p = 2, 3. We point out that the P p basis with p = 2, 3 satisfies the condition that the Laplacian of any function is a harmonic polynomials.
The remainder of this work is structured as follows. In Section 2, we introduce the model problem and define the finite element space. In Section 3, the hp-version symmetric interior penalty discontinuous Galerkin finite element method is introduced. In Section 4, we present the stability analysis and a priori error analysis for the proposed DGFEM over polytopic meshes with bounded number of element faces. In Section 5, we will derive the new inverse inequality for polytopic meshes with arbitrary number of elemental faces satisfying Assumption 5.1. Then, we present the stability analysis and error analysis. A series of numerical examples are presented in Section 6. Finally, we make concluding remarks in Section 7.
Problem and Method
For a Lipschitz domain ω ⊂ R d , d = 2, 3, we denote by H s (ω) the Hilbertian Sobolev space of index s ≥ 0 of real-valued functions defined on ω, endowed with seminorm | · | H s (ω) and norm · H s (ω) . Furthermore, we let L p (ω), p ∈ [1, ∞], be the standard Lebesgue space on ω, equipped with the norm · Lp(ω) . Finally, |ω| denotes the d-dimensional Hausdorff measure of ω.
Model problem
Let Ω be a bounded open polyhedral domain in R d , d = 2, 3. We consider the biharmonic equation
where f ∈ L 2 (Ω). We impose Dirichlet boundary conditions
where n denotes the unit outward normal vector to ∂Ω. It is well-known that by choosing g D ∈ H 3/2 (∂Ω), g N ∈ H 1/2 (∂Ω), the problem (1) is well-posed with u ∈ H 2 (Ω) (see [26, page 15] ).
Finite element spaces
We shall adapt the setting of meshes from [14] . Let T be a subdivision of the computational domain Ω into disjoint open polygonal (d = 2) or polyhedral (d = 3) elements κ such that Ω = ∪ κ∈Tκ and denote by h κ the diameter of κ ∈ T ; i.e., h κ := diam(κ). In the absence of hanging nodes/edges, we define the interfaces of the mesh T to be the set of (d − 1)-dimensional facets of the elements κ ∈ T . To facilitate the presence of hanging nodes/edges, which are permitted in T , the interfaces of T are defined to be the intersection of the (d − 1)-dimensional facets of neighbouring elements. In the case when d = 2, the interfaces of T are simply piecewise linear segments ((d − 1)-dimensional simplices). However, in general for d = 3, the interfaces of T consist of general polygonal surfaces in R 3 . Thereby, we assume that each planar section of each interface of an element κ ∈ T may be subdivided into a set of co-planar triangles ((d − 1)-dimensional simplices). As in [15, 13] , we assume that a sub-triangulation into faces of each mesh interface is given if d = 3, and denote by E the union of all open mesh interfaces if d = 2 and the union of all open triangles belonging to the sub-triangulation of all mesh interfaces if d = 3. In this way, E is always defined as a set of (d − 1)-dimensional simplices. Further, we write E int and E D to denote the union of all open (d − 1)-dimensional element faces F ⊂ E that are contained in Ω and in ∂Ω, respectively. Let Γ int := {x ∈ Ω : x ∈ F, F ∈ E int } and let Γ D := {x ∈ ∂Ω : x ∈ F, F ∈ E D },
Given κ ∈ T , we write p κ to denote the (positive) polynomial degree of the element κ, and collect the p κ in the vector p := (p κ : κ ∈ T ). We then define the finite element space S p T with respect to T and p by
where P pκ (κ) denotes the space of polynomials of total degree p κ on κ, satisfying p κ ≥ 2 for all κ ∈ S p T . As in [15] , we point out that the local elemental polynomial spaces employed within the definition of S p T are defined in the physical coordinate system, without the need to map from a given reference or canonical frame. Finally, we define the broken Sobolev space H s (Ω, T ) with respect to the subdivision T up to composite order s as follows
which will be used to construct the forthcoming DGFEM.
Trace operators
For any element κ ∈ T , we denote by ∂κ the union of (d − 1)-dimensional open faces of κ. Let κ i and κ j be two adjacent elements of T and let x be an arbitrary point on the interior face F ⊂ Γ int given by F = ∂κ i ∩ ∂κ j . We write n i and n j to denote the outward unit normal vectors on F , relative to ∂κ i and ∂κ j , respectively. Furthermore, let v and q be scalar-and vectorvalued functions, which are smooth inside each element κ i and κ j . By (v i , q i ) and (v j , q j ), we denote the traces of (v, q) on F taken from within the interior of κ i and κ j , respectively. The averages of v and q at x ∈ F are given by
respectively. Similarly, the jump of v and q at x ∈ F ⊂ Γ int are given by
with n i denoting the unit outward normal vector on the boundary Γ D .
Interior Penalty Discontinuous Galerkin Method
With help of the above notation, we can now introduce the DGFEM for the problem (1), (2):
where the bilinear form B(·, ·) :
Furthermore, the linear functional ℓ :
The well-posedness and stability properties of the above method depend on the choice of the discontinuity-penalization functions σ ∈ L ∞ (Γ) and τ ∈ L ∞ (Γ) appearing in (5) and (6) . The precise definition will be given in next sections based on employing different mesh assumptions on the elements present in the computational mesh T .
Remark 3.1
The DGFEM formulation introduced in this work coincides with the SIP-DGFEM defined in [34, 31, 24, 25, 28] , which contains the inner product of the Laplacian of functions. We note that for the alternative formulation of the biharmonic problem based on Frobenius product of the Hessians of functions in the literature, see [9, 10] , the forthcoming analysis and results in this work are also valid.
Error Analysis I: Bounded Number of Element Faces
In this section, we study the stability and a priori error analysis of the DGFEM (4) under the following mesh assumption, which guarantees that the number of faces each element possesses remains bounded under mesh refinement.
Assumption 4.1 (Limited number of faces)
For each element κ ∈ T , we define
We assume there exists a positive constant C F , independent of the mesh parameters, such that
Inverse estimates
In this section, we will revisit the inverse inequalities in the context of general polytopic elements from [15, 13] without proof. The detail of proof can be found in Chapter 3 of [14] . To this end, we introduce the following set of definitions and mesh assumptions.
Definition 4.2
For each element κ in the computational mesh T , we define the family F κ ♭ of all possible d-dimensional simplices contained in κ and having at least one face in common with κ. Moreover, we write κ F ♭ to denote a simplex belonging to F κ ♭ which shares with κ ∈ T the specific face F ⊂ ∂κ. Definition 4.3 An element κ ∈ T is said to be p-coverable with respect to p ∈ N, if there exists a set of m κ overlapping shape-regular simplices
, and |K i | ≥ c as |κ| (7) for all i = 1, . . . , m κ , where C as and c as are positive constants, independent of κ and T .
Equipped with Definition 4.3, we are now in a position to present the following hp-version trace inverse inequality for general polytopic elements which directly accounts for elemental facet degeneration. Lemma 4.4 Let κ ∈ T , F ⊂ ∂κ denote one of its faces. Then, for each v ∈ P p (κ), the following inverse inequality holds
where
and with κ F ♭ ∈ F κ ♭ as in Definition 4.2. Furthermore, C inv,1 are positive constants which are independent of |κ|/ sup κ F ♭ ⊂κ |κ F ♭ |, |F |, p, and v.
Next, in order to present an inverse inequality which provides a bound on the H 1 (κ)-seminorm of a polynomial function v, κ ∈ T , with respect to the L 2 (κ)-norm of v, on the general polytopic meshes κ ∈ T . It is now necessary to assume shape-regularity of the polytopic mesh κ ∈ T .
Assumption 4.5 The subdivision T is shape-regular, in the sense of [16] , i.e., there exists a positive constant C r , independent of the mesh parameters, such that
with ρ κ denoting the diameter of the largest ball contained in κ.
Lemma 4.6 Given that Assumption 4.5 is satisfied, then, for any κ ∈ T which is p-coverable and v ∈ P p (κ), the following inverse inequality holds
where C inv,2 is a positive constant, which is independent of v, h κ and p, but depends on the shape-regularity constant of the covering of κ.
Remark 4.7
We emphasize that the above inverse inequalities in Lemma 4.4, 4.6 are both sharp with respect to (d − k)-dimensional faces degeneration, for k = 1, . . . , d − 1. Moreover, they are both essential for proving stability of DGFEM (4) over general polytopic elements κ ∈ T with degenerating faces.
The stability of DGFEM
For the forthcoming error analysis, we introduce an inconsistency formulation of the bilinear form (5) and linear form (6), without using polynomial lifting operators, cf. [24] . We define, for u, v ∈ S := H 2 (Ω) + S p T , the bilinear form
and the linear functional ℓ : S → R by
here, Π :
Next, we introduce the DGFEM-norm | ·| :
for all functions v ∈ H 2 (Ω, T ). The continuity and coercivity of the inconsistent bilinear form B(·, ·), with respect to the norm | ·| , is established by the following lemma.
Lemma 4.8 Given that Assumption 4.1, 4.5 hold, and let σ : Γ → R + and τ : Γ → R + be defined facewise:
and
Where C σ and C τ are sufficiently large positive constants. Then the bilinear form B(·, ·) is coercive and continuous over S × S, i.e.,
respectively, where C coer and C cont are positive constants, independent of the local mesh sizes h κ , local polynomial degree orders p κ , κ ∈ T and measure of faces.
Proof. The proof is based on employing standard arguments. Firstly, we will prove (16) . For any v ∈ S, we have the following identity
We start to bound the second term on the right-hand side of (18) . To this end, given F ∈ Γ int , such that F ⊂ ∂κ i ∩ ∂κ j , with κ i , κ j ∈ T , upon employing the Cauchy-Schwarz inequality and the arithmetic-geometric mean inequality, we deduce that
Using the inverse inequalities stated in Lemma 4.4 and Lemma 4.6, we deduce that
By using the stability of the L 2 -projector Π in the L 2 -norm together with the Definition of σ in (14), we have
Similarly, for F ∈ Γ D , where F ⊂ ∂κ ∩ ∂Ω, κ ∈ T , we have
Next, we seek a bound on the last term on the right-hand side of (18) . We point out that only using the trace inverse inequality in Lemma 4.4 and Definition of τ in (15), the following two relations hold. For F ∈ Γ int , where F ⊂ ∂κ i ∩ ∂κ j , we have
Inserting (20), (21), (22) and (23) into the (18), we deduce that
because the number of element faces is bounded by Assumption 4.1. So the bilinear form
The proof of continuity follows immediately.
Polynomial approximation
In this section, we will revisit the polynomial approximation results in the context of general polytopic elements from [14] without proof. To this end, we introduce the definition and the assumption of suitable covering of the mesh by an overlapping set of shape-regular simplices. 
for each pair κ ∈ T , K ∈ T ♯ h , with κ ⊂ K, for a constant C diam > 0, uniformly with respect to the mesh size.
We point out that functions defined in Ω can be extended to the covering domain Ω ♯ using the following classical extension operator, cf. [33] .
Theorem 4.11
where C E is a positive constant depending only on s and Ω.
Lemma 4.12 Let κ ∈ T , F ⊂ ∂κ denote one of its faces, and K ∈ T ♯ h be the corresponding simplex, such that κ ⊂ K, cf. Definition 4.9. Suppose that v ∈ L 2 (Ω) is such that Ev| K ∈ H lκ (K), for some l κ ≥ 0. Then, given Assumption 4.10 is satisfied, there exists Π p v| κ ∈ P p (κ), such that following bounds hold
s κ = min{p + 1, l κ } and C 1 , C 2 and C 3 are positive constants, which depend on the shaperegularity of K, but are independent of v, h κ , and p.
Proof. The proof for relation (24) and (25) can be found in [14, Lemma 23] . The relation (26) can be proven in the similar fashion.
A priori error analysis
We now embark on the error analysis of the DGFEM (4). First, we point out that Galerkin orthogonality does not hold due to the inconsistency of B(·, ·). Lemma 4.13 Let u ∈ H 2 (Ω) be the weak solution of (1), (2) and u h ∈ S p T the DGFEM solution defined by (4) . Under the hypotheses of Lemma 4.8, the following abstract error bound holds
We now derive the main results of this work. T , with p κ ≥ 2 for all κ ∈ T , be the corresponding DGFEM solution defined by (4), where the discontinuitypenalization function σ and τ are given by (14) and (15), respectively. If the analytical solution
where C is a positive constant, which depends on the shape-regularity of T ♯ h , but is independent of the discretization parameters.
Proof. We start with the abstract bound (27) in Lemma 4.13. To bound the first term in the right-hand side of (27), we employ the approximation results in Lemma 4.12. We deduce the following bound
with s κ = min{p κ + 1, l κ } and C a positive constant, which depends on the shape-regularity of the covering T ♯ h , but is independent of the discretization parameters. We now proceed to bound the residual term arising in (27) . After integration by parts, and noting that u is the solution of (1), we get
Next, we derive the error bound for the first term in the brackets of (32). Adding and subtracting ∇∆ Π p u,
Using, the above approximation result (26), we have
Similarly, employing the inverse inequalities (8) and (10), the L 2 -stability of the projector Π, and the approximation estimate (24), gives
Next, we will use the same technique to bound the second term in the bracket of (32). It is easy to see that following relation holds
with
By inserting relation (33), (34) , (35) and (36) into the bound (32), together with relation (31), the final error bound (28) is derived.
Remark 4.15
The above result generalizes well-known a priori bounds for DGFEMs defined on standard element shapes, cf. [34, 31, 24] , in two key ways. Firstly, meshes comprising polytopic elements are admitted; secondly, elemental faces are allowed to degenerate. For d = 3, this also implies that positive measure interfaces may have degenerating (one-dimensional) edges. Thereby, this freedom is relevant to standard (simplicial/hexahedral) meshes with hanging nodes in the sense that no condition is required on the location of hanging nodes on the element boundary. If, on the other hand, the diameter of the faces of each element κ ∈ T is of comparable size to the diameter of the corresponding element, for uniform orders p κ = p ≥ 2, h = max κ∈T h κ , s κ = s, s = min{p + 1, l}, l > 3 + d/2, then the bound of Theorem 4.14 reduces to
This coincides with the analogous result derived in [31] for standard meshes consisting of simplices or tensor-product elements. It is easy to check that the above a priori error bound is optimal in h and suboptimal in p by 3/2 order, as expected.
Error Analysis II: Arbitrary Number of Element Faces
In this section, we pursue the error analysis on meshes which potentially violate Assumption 4.1 in the sense that the number of faces that the elements possess may not be uniformly bounded under mesh refinement. We note that this may arise when sequences of coarser meshes are generated via element agglomeration of a given fine mesh, cf. [3] . To this end, following Definition 4.2, we introduce the following assumption on the mesh T .
Assumption 5.1 (Arbitrary number of faces) For any κ ∈ T , there exists a set of nonoverlapping d-dimensional simplices {κ F ♭ } F ⊂∂κ ⊂ F κ ♭ contained in κ, such that for all F ⊂ ∂κ, the following condition holds
where C s is a positive constant, which is independent of the discretization parameters, the number of faces that the element possesses, and the measure of F .
In Figure 1 we present one potential polygon in R 2 which satisfy the above mesh regularity assumption. We note that Assumption 5.1 does not place any restriction on either the number of faces that an element κ, κ ∈ T , may possess, or the relative measure of its faces compared to the measure of the element itself. Indeed, shape-irregular simplices κ F ♭ , with base |F | of small size compared to the corresponding height, defined by d|κ F ♭ |/|F |, are admitted. However, the height must be of comparable size to h κ , cf. the polygon depicted in Figure 1 . Furthermore, we note that the union of the simplices κ F ♭ does not need to cover the whole element κ, as in general it is sufficient to assume that
(38) Figure 1 : Polygon with many tiny faces.
Inverse estimates
We will first revisit some of the trace inverse estimates on simplices, cf. [36] .
, we write F ⊂ ∂T to denote one of its faces. Then, for v ∈ P p (T ), the following inverse inequality holds
By using Lemma 5.2, together with the mesh Assumption 5.1 on general polytopic meshes, the following trace inverse inequality holds (cf. [19, Lemma 4.9] ).
Lemma 5.3 Let κ ∈ T ; then assuming Assumption 5.1 is satisfied, for each v ∈ P p (κ), the following inverse inequality holds
The constant C s is defined in (37) , and is independent of v, |κ|/ sup κ F ♭ ⊂κ |κ F ♭ |, |F |, and p.
Next, we introduce the harmonic polynomial space on element κ ∈ T , with polynomial degree p.
Here, we point out that harmonic polynomials are commonly used in the context of Treffzmethod, see [27, 29] . It is easy to see that for p = 0, 1, H p basis is identical to the P p basis. We will derive a new H 1 -seminorm to L 2 -norm inverse inequality for all harmonic polynomials, based on the inequality (40).
Lemma 5.4 Let κ ∈ T ; then if Assumption 5.1 is satisfied, for each v ∈ H p (κ), the following inverse inequality holds
Here, C s is defined in (37) , and is independent of v, |κ|/ sup κ F ♭ ⊂κ |κ F ♭ |, |F |, and p.
Proof. We start by using the integration by parts formula and the fact that ∆v = 0, for all v ∈ H p (k). Then, use the arithmetic-geometric mean inequality, the Cauchy-Schwarz inequality and L 2 -norm of n is one.
Employing the trace inverse inequality (40), we have
By choosing ǫ = (C s (p + 1)(p + d)) −1 h κ , we deduce the desired result.
Remark 5. 5 We point out that the constant in the H 1 -seminorm to L 2 -norm inverse inequality (42) is square of the constant in L 2 -norm trace inverse inequality (40). This bound is sharp in both h and p with respect to the Sobolev index. One direct application of this inverse inequality is to improve the result in the multi-grid algorithm for DGFEM introduced in [3] . It can be proved that for DGFEM with P 1 basis, the upper bound on the maximum eigenvalue of the discrete DGFEM bilinear form is independent of the number of elemental faces. It means that the smoothing step of multi-grid algorithm does not depend on the number of elemental faces for meshes satisfying the Assumption 5.1.
The stability of DGFEM
In the rest of this work, we will only consider the case p κ = 2, 3, κ ∈ T , for the stability analysis and a priori error analysis. The key reason is that the stability analysis under the Assumption 5.1 requires the polynomial v ∈ S p T satisfying the condition ∆ 2 v = 0 (Biharmonic polynomial functions). Only for p κ = 2, 3, κ ∈ T , we know that polynomial basis P pκ satisfies the above condition. For the consistency reason, we will still keep p explicitly in the rest of the work.
First, we introduce the following bounded variation assumption on S p T .
Assumption 5.6 For any κ ∈ T , there exits a constant θ > 1, independent of all the discretization parameters, such that for any pair of elements κ i and κ j in T sharing a common face, the following bound holds
Remark 5.7 We point out that the above assumption is imposing bounded variation on h and p simultaneously. It is more general than the usual assumption which imposes the bounded variation on h and p separately. e.g. For κ i , κ j satisfying Assumption 5.6, it is possible to have h κ i much larger than h κ j , if we choose p κ i also larger than p κ j based on relation (43). However, this situation is not allowed under the usual bounded variation assumption.
Next, we prove the coercivity and continuity for the inconsistent bilinear form B(·, ·) with respect to the norm | ·| , is established by the following lemma.
Lemma 5.8 Given that Assumption 5.1, 5.6 hold, p κ = 2, 3 for κ ∈ T , let σ : Γ → R + and τ : Γ → R + to be defined facewise:
respectively, where C coer and C cont are positive constants, independent of the local mesh sizes h κ , local polynomial degree orders p κ , κ ∈ T , measure of faces and number of elemental faces.
Proof. Recalling the second term on the right-hand side of (18) in the proof of Lemma 4.8, upon application of the Cauchy-Schwarz inequality, the arithmetic-geometric mean inequality, inverse inequality (39), relation (37) and (38), we deduce that
Using the inverse inequality (42) stated in Lemma 5.4, Assumption 5.6, the stability of the L 2 -projector Π in the L 2 -norm together with the Definition of σ in (44) we deduce
(48) Next, we bound the last term on the right-hand side of (18) . We point out that only using the trace inverse inequality (39) in Lemma 5.2 and Definition of τ in (45), the following relation holds:
Inserting (48) and (49) into (18), we deduce that
because the constant C s and θ are bounded by Assumption 5.1 and 5.6, respectively. So the bilinear form B(·, ·) is coercive over S × S, if C σ > 4ǫ(C s θ) 3 , C τ > 4ǫC s θ and ǫ > 1 2 . The proof of continuity follows immediately.
Remark 5. 9 We point out that it is possible to prove Lemma 5.8 without using Assumption 5.6. The technical difficulty is that in order to use the inverse inequality (42) stated in Lemma 5.4, it is essential to take out the face-wise penalization function σ out of the summation over all the element boundary ∂κ, which means that the information of σ on F , F ⊂ ∂κ, is coupled over all the element boundary. It implies that the definition of the function σ on face F , shared by κ i and κ j , depends not only on the discretization parameters of κ i , κ j but also on all of their neighbouring elements. This definition may be not practical under the mesh Assumption 5.1, which allows the number of neighbouring elements to be arbitrary.
A priori error analysis
Before deriving the a priori error bound for the DGFEM (4) under the Assumption 5.1, we recall the approximation result for function u on the element boundary.
Lemma 5.10 Let κ ∈ T and K ∈ T ♯ h the corresponding simplex such that κ ⊂ K, satisfying the Definition 4.9. Suppose that v ∈ H 1 (Ω) is such that Ev| K ∈ H lκ (K). Then, given that Assumption 5.1 is satisfied, the following bound holds
where s κ = min{p + 1, l κ }, C 4 and C 5 are positive constants depending on C s from (37) and the shape-regularity of K, but is independent of v, h κ , p, and number of faces per element.
Proof. The proof for relation (50) can be found in [14, Lemma 33] . The relation (51) can be proven in the similar fashion.
Next, we derive the a priori error bound with help of above the Lemma. 
where C is a positive constant, which depends on the shape-regularity of T ♯ h and C s , but is independent of the discretization parameters and number of elemental faces.
Proof. The proof of the error bound follows the same way of proof for Theorem 4.14. For brevity, we focus on the terms defined on the faces of the elements in the computational mesh only. Thereby, employing (50) in Lemma 5.10, we deduce that
(55) With help of Lemma 5.10, 5.2 and 5.4, the inconsistent error is derived in the similar way, Remark 5. 12 We point out that the regularity requirements for trace approximation result in Lemma 5.10 is lower compared to the trace approximation result in Lemma 4.12, which requires the control of the L ∞ -norm of the function. Similarly, by using the Assumption 5.6, for uniform orders p κ = 2, 3, h = max κ∈T h κ , s κ = s, s = min{p + 1, l}, l > 7/2, then the bound of Theorem 5.11 reduces to
The constant C depends on the constant C s and θ, but independent of the measure of the elemental faces and the number of elemental faces.
Numerical Examples
In this section, we present a series of numerical examples to illustrate the a priori error estimates derived in this work. Throughout this section the DGFEM solution u h defined by (4) is computed. The constants C σ and C τ , appearing in the discontinuity penalization functions σ and τ , respectively, are both equal to 10.
Example 1
In this example, let Ω := (0, 1) 2 and select f , g D and g N such that the analytical solution to (1) and (2) is give as u(x, y) = sin(πx) 2 sin(πy) 2 .
The polygonal meshes used in this example are generated through the PolyMesher MATLAB library [35] . In general, these polygonal meshes contain no more than 8 edges, which satisfy Assumption 4.1. Typical meshes generated by PolyMesher are shown in Figure 2 . We will investigate the asymptotic behaviour of the errors of the DGFEM on a sequence of finer polygonal meshes for different p = 2, 3, 4, 5. In Figure 3 , we present the DG-norm, broken H 1 -seminorm and L 2 -norm error in the approximation to u. First, we observe that | u − u h | converges to zero at the optimal rate O(h p−1 ) for fixed p as the mesh becomes finer, which confirms the error bound in Theorem 4.14. Second, we observe that the |u−u h | H 1 (Ω,T ) converges to zero at the optimal rate O(h p ) for fixed p. Finally, we observe that the u−u h L 2 (Ω) converges to zero at the optimal rate O(h p+1 ) for fixed p ≥ 3. However, for p = 2, the convergence rate is only O(h 2 ). This sub-optimal convergence result has been observed by other researchers, see [34, 24] . Finally, we will investigate the convergence behaviour of DGFEM under p-refinement on the fixed polygonal meshes. To this end, in Figure 4 , we plot the DG-norm error against polynomial degree p in linear-log scale for four different polygonal meshes. For all cases, we observe that the convergence plot is straightly which shows the error decays exponentially. 
Example 2
In this example, let Ω := (0, 1) 2 and select f , g D and g N such that the analytical solution to (1) and (2) is give as u(x, y) = x(1 − x)y(1 − y).
The DGFEM solution is computed on general polygonal meshes with a lot of tiny faces, stemming from the agglomeration of a given (fixed) fine mesh consisting of 524, 288 triangular elements. The mesh agglomeration procedure is done in a rough way such that the resulting polygonal meshes generated by this procedure will contain more than 500 edges at the coarsest level. We emphasize that the reason for using the polygonal meshes with a lot of faces is to investigate the stability and accuracy for the proposed DGFEM. We will use polygonal meshes consisting of 32, 134, 512, 2048, and 8192 elements in the computation. In Figure 5 , we show some of polygonal meshes used in this example. We will investigate the asymptotic behaviour of the errors of the DGFEM on a sequence of finer polygonal meshes for different p = 2, 3. In Figure 6 , we present the DG-norm, broken H 1 -seminorm and L 2 -norm error in the approximation to u. First, we observe that the | u − u h | converges to zero at the optimal rate O(h p−1 ) for fixed p as the mesh becomes finer, which confirms the error bound in Theorem 5.11. Second, we observe that |u − u h | H 1 (Ω,T ) converges to zero at the optimal rate O(h p ) for fixed p. Third, we observe that u − u h L 2 (Ω) converges to zero at the optimal rate O(h p+1 ) for fixed p = 3. For p = 2, the convergence rate is only O(h 2 ) as we expected. Finally, we mention that by choosing the discontinuity penalization functions σ and τ defined in Lemma 5.8, there is no numerical instability observed in the computation. The condition number for the proposed DGFEM employing the polygonal meshes with a lot of tiny faces is at the same level of the condition number for the DGFEM employing the polygonal meshes with less than 10 faces. 
Concluding Remarks
We have studied the hp-version IP DGFEM for the biharmonic boundary value problem, based on employing general computational meshes containing polygonal/polyhedral elements with degenerating (d − k)-dimensional faces, k = 1, . . . , d − 1. The key results in this work are that the hp-version IP-DGFEM is stable on polygonal/polyhedral elements satisfying the assumption that the number of elemental faces is uniformly bounded. Moreover, with the help of the new inverse inequality in Lemma 5.4, we also prove that IP-DGFEM employing P p basis, p = 2, 3, is stable on polygonal/polyhedral elements with arbitrary number of faces satisfying Assumption 5.1. The numerical examples also confirm the theoretical analysis.
From the practical point of view, the condition number for DGFEM to solve biharmonic problem is typically very large. The development of efficient multi-grid solvers for the DGFEM on general polygonal/polyhedral meshes, is left as a further challenge.
